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Z Z/nZ

a b a b b
a a | b n b = an a b

a � b

a ∈ Z b ∈ N∗

(q, r) ∈ Z× N

a = bq + r, 0 ≤ r ≤ b− 1.

q r a b

n

n nZ = {nk, k ∈ Z} x y
x ≡ y (mod n) x − y ∈ nZ x y

n

n Z nZ
Z/nZ x ẋ x Z/nZ

Z/nZ = {0, 1, . . . , n− 1}

a1, . . . , an d
a1Z + · · ·+ anZ = dZ d a1, . . . , an

d = (a1, . . . , an) d
ai 1 ≤ i ≤ n

pgcd (a1, . . . , an) = 1 a1, . . . , an

pgcd (ai, aj) = 1 i �= j ai



a1, . . . , an

∀a ∈ Z, pgcd (aa1, . . . , aan) = |a| pgcd (a1, . . . , an).

a b a ∧ b

� a1, . . . , an

u1, . . . , un u1a1 + · · ·+ unan = 1

a b
(u, v) ∈ Z2 au + bv = 1

(u, v)

� a b c a bc a
b a c

a b1, . . . , bn a
b1 . . . bn

a1, . . . , an n b
a1 · · ·an b i ai b

a1, . . . , an d
a1Z ∩ · · · ∩ anZ = dZ d a1, . . . , an d =
ppcm (a1, . . . , an) d

ai (1 ≤ i ≤ n)

∀a ∈ Z, ppcm (aa1, . . . , aan) = |a| ppcm (a1, . . . , an).

a b a ∨ b

a1, . . . , an

ppcm (a1, . . . , an) = |a1 · · ·an|.
a b pgcd (a, b)× ppcm (a, b) = |ab|

p ≥ 2
p,−p, 1 −1

�

n ≥ 2

n = pα1
1 · · ·pαk

k , (∗)
pi αi

(∗) n

n |n| ≥ 2



n = pα1
1 · · · pαk

k m = pβ1

1 · · · pβk

k pi

αi, βi (n, m) = pγ1

1 · · · pγk

k (n, m) =

pδ1
1 · · · pδk

k γi = inf(αi, βi) δi = sup(αi, βi)

p a p a

a1 · · ·an

ai

N M = N ! + 1 p

M p ≤ N p | (N !) p | (M −N !) = 1 �

p k 1 ≤ k ≤ p− 1 p | Ck
p

n ≥ 2 Z/nZ
n

� p ≥ 2

∀a ∈ Z, ap ≡ a (mod p)

∀a ∈ Z, p � a, ap−1 ≡ 1 (mod p).

p ≥ 2

(p− 1)! ≡ −1 (mod p).

p = 2 p = 3 p > 3
x (Z/pZ)∗

x2 = 1 (x− 1)(x + 1) = 0 (Z/pZ)∗

x = 1 x = −1 2, 3, . . . , p− 2 p−3
2

{xi, yi} xiyi = 1 k = p−3
2

2 · 3 · · · p− 2 =
k∏

i=1

(xiyi) = 1 (p− 1)! ≡ −1 (mod p).

p a p 1 < a < p

a | [(p − 1)! + 1] a | (p − 1)! 1 < a < p a | 1

�

(a, b, c) ∈ (N∗)3

(i) (a, b) = 42 (ii) (a, c) = 3 (iii) a + b + c = 29.

3 | a 3 | c 3 | (a + c) b = 29 − (a + c) b
3 3 ∧ b = 1 b | 42 = 3 × 14

b | 14 b ∈ {1, 2, 7, 14} 29 − b = a + c
b

b = 2 a ∈ {21, 42} a ≤ 29 a = 21 c = 6
b = 14 a ∈ {3, 6, 21, 42} a ≤ 29 − b = 15

a ∈ {3, 6} a = 3 c = 12 a = 6, c = 9



(a, b, c) = (21, 2, 6) (3, 14, 12) (6, 14, 9)

� a b ≥ 2

∃!(u0, v0) ∈ N2, u0a− v0b = 1, u0 < b v0 < a (∗)
u0, v0, a b (u, v) ∈ Z2 ua−vb = 1

u v 47u + 111v = 1

u1 v1 u1a−
v1b = 1 u1 b u1 = bq+u0 0 ≤ u0 < b

(bq+u0)a−v1b = 1 = u0a−v0b v0 = v1−aq −1 ≤ v0b = u0a−1 < u0a < ba
b ≥ 2 0 ≤ v0 < a (u0, v0) (∗)

(u, v) ua− vb = 1 (∗)
(u− u0)a = (v − v0)b. (∗∗)

a | (v − v0)b a b
a | (v − v0) k ∈ Z v = v0 + ka (∗∗)

(u, v) = (u0 + kb, v0 + ka) (u0, v0)
(∗)
ua− vb = 1

u v

111 = 47× 2 + 17,

47 = 17× 2 + 13, 17 = 13× 1 + 4, 13 = 4× 3 + 1.

1 = 13− 4× 3
1 = 13 − 4 × 3 = 13 − (17 − 13 × 1) × 3 = 4 × 13 − 3 × 17 = 4 × (47 − 17 × 2) − 3 × 17 =

4× 47− 11× 17 = 4× 47− 11× (111− 47× 2) = 26× 47− 11× 111 u = 26
v = −11

n 5 | (23n+5 + 3n+1)
n 30 | (n5 − n)

16(21000)

25 ≡ 2 (mod 5) 23n ≡ 8n ≡ 3n (mod 5) 23n+5 ≡ 2 · 3n (mod 5)
23n+5 + 3n+1 ≡ 2 · 3n + 3 · 3n ≡ 0 (mod 5)

n5 ≡ n (mod 5) 5 | (n5 − n)
n3 ≡ n (mod 3) n5 ≡ n3 · n2 ≡ n · n2 ≡ n3 ≡ n (mod 3) 3 | (n5 − n)
n n5 2 | (n5 − n)

30 = 2 · 3 · 5 (n5−n)

N = 16(21000) N

16 ≡ 2 (mod 7) N ≡ 221000
(mod 7) 26 ≡ 1 (mod 7)

21000 42 ≡ 4



(mod 6) n 4n ≡ 4 (mod 6) n
21000 ≡ 4500 ≡ 4 (mod 6) q 21000 = 6q+4

N ≡ 26q+4 ≡ (26)q · 24 ≡ 1q24 ≡ 24 ≡ 2 (mod 7),

a ≥ 2 n ≥ 2 an − 1
a = 2 n 2p− 1 p

n ∈ N∗ 2n + 1 n

xn − 1 = (x− 1)(xn−1 + · · · + x + 1)

∀x ∈ N, x ≥ 2, (x− 1) (xn − 1). (∗)
an − 1 a− 1 = 1 a = 2

n = pq p q an − 1 = 2n − 1 = (2q)p − 1
(2q − 1) an − 1 (∗) q = 1 q = n an − 1

n

n xn + 1 = (x + 1)(xn−1 − · · · + x2 − x + 1)

∀x ∈ N,∀n ∈ N, n , (x + 1) (xn + 1). (∗∗)
n n p > 1 n = pq

q ∈ N∗ 2n + 1 = (2q)p + 1 (2q + 1) (∗∗)
n

211− 1 =
23× 49

(Yn) Y0 = 2 Yn+1 = 2Y 2
n − 1 n ≥ 3 2n− 1

(2n − 1) | Yn−2

243 112 609−1

22n

+ 1 0 ≤ n ≤ 4
22n

+ 1 n 225
+ 1 =

641 × 6700417

A 44444444

B A C B

N
(∗)



N = a0 + a1 · 10 + · · ·+ ap · 10p ai

10 ≡ 1 (mod 9) 10i ≡ 1 (mod 9) i

N =

p∑
i=0

ai10
i ≡

p∑
i=0

ai (mod 9).

C ≡ B ≡ A ≡ 44444444 (mod 9) (∗)
4444 ≡ 16 ≡ −2 (mod 9) 44443 ≡ (−2)3 ≡ 1 (mod 9) 4444 = 3 · 1481 + 1
44444444 = (44443)1481 · 4444 ≡ 1 · (−2) ≡ 7 (mod 9)

C ≡ 7 (mod 9). (∗∗)
C C = 7 44444444

100005000 = 1020000 A 9× 20000 = 180000
B 6× 9 = 54 C ≤ 5 + 9 = 14 (∗∗) C = 7

(∗)

P = Xn +c1X
n−1 + · · ·+cn−1X +cn

P

x = a/b P a ∈ Z b ∈ N∗ a ∧ b = 1

0 = bnP
(a

b

)
= an + c1a

n−1b + · · ·+ cn−1abn−1 + cnbn

an = −b
(
c1a

n−1 + · · · + cn−1abn−2 + cnbn−1
)
,

b an a b
b = 1

n N
Xn −N

6k − 1
k ∈ N∗

N M = −1 + 6(N !) 2 � M
M ≡ −1 (mod 3) 3 � M

p M p 6k − 1 p ≤ N p | (6 ·N !)
p | (6N ! −M) = 1 p 6k − 1

p �∈ {2, 3} p 6k + 1, k ∈ N∗
M = pα1

1 · · · pαn
n M pi ≡ 1 (mod 6)

i M ≡ 1 (mod 6) M ≡ −1 (mod 6)

4k − 1

∀(a, b) ∈ (N∗)2 a ∧ b = 1
ak + b, k ∈ N



πa,b(x) ≤ x ak + b
a ∧ b = 1 πa,b(x) ∼x→+∞ π(x)/ϕ(a)

π(x) ≤ x ϕ(a) a

P
P (n) n N

P k f(n) =
P (n, 2n, 3n, . . . , kn) limn→∞ f(n) = +∞

f(n) = 2n5n − 10n + 7 f(n)
n N

P =
∑n

k=0 ak Xk p =

P (N) =
∑n

k=0 ak Nk r

P (N + rp) =

n∑
k=0

ak(N + rp)k ≡
n∑

k=0

akN
k ≡ 0 (mod p),

P (N + rp) p r P (N + rp)
P (N + rp) = p r P (X) − p

f

f(n) =
m∑

r=1

(
qr∑

s=0

cr,sn
s

)
an

r ,

ar cr,s 1 ≤ a1 < a2 < · · · < am limn→∞ f(n) = +∞
f(N) > am > · · · > a1 ≥ 1 N p

p = f(N)

∀� ∈ N,∀s ∈ N, [N + �p(p− 1)]s ≡ N s (mod p),

1 ≤ r ≤ m

ap−1
r ≡ 1 (mod p) ∀� ∈ N, aN+�p(p−1)

r ≡ aN
r (mod p).

∀� ∈ N, [N + �p(p− 1)]saN+�p(p−1)
r ≡ N saN

r (mod p),

r, s f [N + �p(p−1)] ≡ f(N) ≡ 0 (mod p)
�

n Fn = 22n

+ 1
(Fn)n∈N

n ∈ N k ∈ N∗ Fn Fn+k

Fn+k − 1 = 22n+k

=
(
22n)2k

= (Fn − 1)2
k

Fn+k − 1 ≡ (Fn − 1)2
k ≡ (−1)2

k ≡ 1 (mod Fn)



Fn | (Fn+k − 2) d Fn Fn+k Fn+k − 2 d | Fn+k

d Fn d = 1

n ∈ N pn Fn Fn

(pn)n∈N

∀x > 0 π(x) x
π(x) ∼ x/ log(x) x

ζ

n
σ(n) n σ(n)

n

n ∧m = 1 =⇒ σ(nm) = σ(n)σ(m). (∗)
n

σ(n) = 2n 2p − 1
n = 2p−1(2p − 1)

n 2p−1(2p − 1)
2p − 1

n

n = p1+4αQ2 p p ≡ 1 (mod 4) α ∈ N Q ∈ N∗ p ∧Q = 1.

n =
∏

pαi

i

σ(pαi

i ) 4
3

n = pα1
1 · · · pαk

k n

σ(n) =
∑

0≤β1≤α1
···

0≤βk≤αk

pβ1
1 pβ2

2 · · · pβk

k =

k∏
i=1

(1 + pi + · · · + pαi

i ) =

k∏
i=1

(
pαi+1

i − 1

pi − 1

)
.

(∗)

σ(n) = σ[2p−1(2p − 1)] = σ(2p−1)σ(2p − 1) = (2p − 1)2p = 2n.

n p ≥ 2 n =
2p−1m m 2p−1 ∧ m = 1 (∗)
σ(n) = σ(2p−1)σ(m) = (2p − 1)σ(m) σ(n) = 2n = 2pm (2p − 1) | 2pm
(2p− 1)∧ 2p = 1 (2p− 1) | m � ∈ N∗

m = (2p−1)� 2pm = 2n = σ(n) = (2p−1)σ(m) σ(m) = 2p� = m+�
� > 1 m � m σ(m) ≥ m + � + 1

� = 1 m = 2p − 1 σ(m) = m + � = m + 1


