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∞⋂
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∞⋂
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f
( ⋂
i∈I
Ai
) ⊂ ⋂

i∈I
f(Ai) f

∀(A1, A2) ∈ (P(E))2, f(A1 ∩A2) = f(A1) ∩ f(A2)
f−1
( ⋃
j∈J
Bj
)
=
⋃
j∈J
f−1(Bj)

f−1
( ⋂
j∈J
Bj
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=
⋂
j∈J
f−1(Bj)

♦

f E f ◦f = f
f f = idE
f f = idE

♦

E F f E F

f
∀A ∈ P(E), f−1(f(A)) = A

f
∀B ∈ P(F ), f(f−1(B)) = B

♦

A B E

ϕ : P(E) → P(E)× P(E), X 
→ (X ∪A,X ∪B)
ϕ

ϕ A ∩B = ∅
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Corrigé 1.01

B ⊂ A ∪B = A A = A ∩B ⊂ B B ⊂ A A ⊂ B
A = B

Corrigé 1.02

B ⊂ (A \ B) ∪ B B 〈〈 〉〉 A (A \ B) ∪ B
A

A = ∅ B �= ∅ (A \B) ∪B = ∅ ∪B = B �= A
Corrigé 1.03

� A ∩ B 2 3
2 3

6

A ∩B = 6.N

� n ∈ A ∪B ⇐⇒ 2 | n 3 | n



6

n ≡ 0 (mod 6) n ≡ 2 (mod 6) n ≡ 4 (mod 6) n
A ∪B

n ≡ 3 (mod 6) n 3 A ∪B
n ≡ 1 (mod 6) n ≡ 5 (mod 6) n 6k + 1

6k + 5 2 1 3 1 2
n A ∪B

A ∪B =
{
n ∈ N / ∃ k ∈ N, ∃ r ∈ {0, 2, 3, 4}}, n = 6k + r

}

Corrigé 1.04

� N = A1 ⊂
∞⋃
n=1

An ⊂ N

∞⋃
n=1

An = N

� 0 An 0 ∈
∞⋂
n=1

An

p ∈ N
∗ p p + 1 p /∈ Ap+1

An
∞⋂
n=1

An = {0}

Corrigé 1.05

◦ Sn =
[
a+ 1

n
, b− 1

n

]
n

a+ 1
n+ 1 < a+

1
n
< b− 1

n
< b− 1

n+ 1
Sn ⊂ Sn+1

� x ∈
∞⋃
n=1

Sn ∃n ∈ N
∗, x ∈ Sn x > a x < b

� x > a x < b n0 ∈ N
∗

a + 1
n0

� x < b − 1
n0

n0 � 1
x− a n0 � 1

b− x
n0 = 1+max(

⌊ 1
x− a

⌋
,
⌊ 1
b− x

⌋
) x Sn0

Sn

A = ]a, b[

◦ n ∈ N
∗ [a, b] ⊂ In =

]
a− 1

n
, b+ 1

n

[
[a, b] ⊂ B =

∞⋂
i=1

In

x ∈ B ∀n ∈ N
∗, a − 1

n
< x < b + 1

n
a � x � b

x ∈ [a, b]

B = [a, b]



Corrigé 1.06

y ∈ f( ⋃
i∈I
Ai
)⇐⇒ ∃x ∈ ⋃

i∈I
Ai, y = f(x) ⇐⇒ ∃ i ∈ I,∃x ∈ Ai, y = f(x)

⇐⇒ ∃ i ∈ I, y ∈ f(Ai) ⇐⇒ y ∈ ⋃
i∈I
f(Ai)

f
( ⋃
i∈I
Ai
)
=
⋃
i∈I
f(Ai)

� y ∈ f( ⋂
i∈I
Ai
) ∃x ∈ ⋂

i∈I
Ai y = f(x)

i ∈ I x ∈ Ai y = f(x) ∀ i ∈ I, y ∈ f(Ai)
f
( ⋂
i∈I
Ai
) ⊂ ⋂

i∈I
f(Ai)

∀ i ∈ I, y ∈ f(Ai)
i xi Ai y = f(xi)

xi i

� ∀(A1, A2) ∈ (P(E))2, f(A1 ∩ A2) = f(A1) ∩ f(A2)
f

(x1, x2) ∈ E2 x1 �= x2 f(x1) = f(x2)
A1 = {x1} A2 = {x2}

A1 ∩A2 = ∅ f(A1) ∩ f(A2) = {f(x1)} ∩ {f(x2)} = {f(x1)} �= ∅
f

� f (A1, A2) ∈ (P(E))2

y ∈ f(A1) ∩ f(A2) y ∈ f(A1) y ∈ f(A2)
∃x1 ∈ A1, y = f(x1) ∃x2 ∈ A2, y = f(x2)
f(x1) = f(x2) x1 = x2 ∈ A1∩A2 y ∈ f(A1∩A2)

f(A1) ∩ f(A2) ⊂ f(A1 ∩ A2)

∀(A1, A2) ∈ (P(E))2, f(A1 ∩A2) = f(A1) ∩ f(A2) ⇐⇒ f

x ∈ f−1
( ⋃
j∈J
Bj
)⇐⇒ f(x) ∈ ⋃

j∈J
Bj ⇐⇒ ∃ j ∈ J, f(x) ∈ Bj

⇐⇒ ∃ j ∈ J, x ∈ f−1(Bj) ⇐⇒ x ∈ ⋃
j∈J
f−1(Bj)

f−1
( ⋃
j∈J
Bj
)
=
⋃
j∈J
f−1(Bj)

x ∈ f−1
( ⋂
j∈J
Bj
)⇐⇒ f(x) ∈ ⋂

j∈J
Bj ⇐⇒ ∀ j ∈ J, f(x) ∈ Bj



x ∈ f−1
( ⋂
j∈J
Bj
)⇐⇒ ∀ j ∈ J, x ∈ f−1(Bj) ⇐⇒ x ∈ ⋂

j∈J
f−1(Bj)

f−1
( ⋂
j∈J
Bj
)
=
⋂
j∈J
f−1(Bj)

Corrigé 1.07

∀x ∈ E, f(f(x)) = f(x)
f x ∈ E f(x) = x f

E

f x ∈ E t ∈ E x = f(t)
f(x) = f

(
f(t)
)
= f(t) = x x ∈ E

f = idE

Corrigé 1.08

� f A ∈ P(E)
→ x ∈ A f(x) ∈ f(A)

x ∈ f−1(f(A)) A ⊂ f−1(f(A))

→ x ∈ f−1(f(A)) f(x) ∈ f(A) y ∈ A
f(y) = f(x) f y = x x ∈ A f−1(f(A)) ⊂ A

f =⇒ ∀A ∈ P(E), A = f−1(f(A))
�

x, y ∈ E f(x) = f(y)
{x} = f−1({f(x)}) = f−1({f(y)}) = {y}

f

f ⇐⇒ ∀A ∈ P(E), A = f−1(f(A))

� f B ∈ P(F )
→ y ∈ f(f−1(B)) x ∈ f−1(B) y = f(x)
x ∈ f−1(B) f(x) ∈ B y ∈ B f(f−1(B)) ⊂ B

f

→ y ∈ B f x ∈ E y = f(x) ∈ B
x ∈ f−1(B) y = f(x) ∈ f(f−1(B)) B ⊂ f(f−1(B))

f =⇒ ∀B ∈ P(F ), B = f(f−1(A))
�

f(f−1(F )) = F f−1(F ) = E
f(E) = F f

f ⇐⇒ ∀B ∈ P(F ), B = f(f−1(A))


