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f I a ∈ I l ∈

� f l a

∀ε > 0, ∃η > 0, ∀x ∈ I, |x− a| ≤ η =⇒ |f(x)− l| ≤ ε

lim
x→a

f(x) = l

� f +∞ −∞ a

∀A ∈ , ∃η > 0, ∀x ∈ I, |x− a| ≤ η =⇒ f(x) ≥ A

f(x) ≤ A
lim
x→a

f(x) = +∞ −∞

� f l +∞ −∞

∀ε > 0, ∃M ∈ , ∀x ∈ I, x ≥ M =⇒ |f(x)− l| ≤ ε

x ≤ M =⇒ |f(x)− l| ≤ ε
lim

x→+∞ f(x) = l lim
x→−∞ f(x) = l)

� f +∞ +∞

∀A ∈ , ∃M ∈ , ∀x ∈ I, x ≥ M =⇒ f(x) ≥ A

lim
x→+∞ f(x) = +∞

−∞ x ≥ M
x ≤ M −∞ f(x) ≥ A f(x) ≤ A



� f l a

∀ε > 0, ∃η > 0, ∀x ∈ I, a− η ≤ x ≤ a =⇒ |f(x)− l| ≤ ε

lim
x→a−

f(x) = l

� f l a

∀ε > 0, ∃η > 0, ∀x ∈ I, a ≤ x ≤ a+ η =⇒ |f(x)− l| ≤ ε

lim
x→a+

f(x) = l

lim
x→a

f(x) = l ⇐⇒ lim
x→a−

f(x) = lim
x→a+

f(x) = l

f a f(a)

f a

f, g : I → a ∈ I ∪ {±∞} l, l′, α ∈

� {
f(x) −→

x→a
l

g(x) −→
x→a

l′ =⇒ αf(x) + g(x) −→
x→a

αl + l′



� {
f(x) −→

x→a
l

g(x) −→
x→a

l′ =⇒ f(x)g(x) −→
x→a

ll′

� {
f(x) −→

x→a
l

g(x) −→
x→a

l′ �= 0
=⇒ f(x)

g(x)
−→
x→a

l

l′

f, g : I → a ∈ I ∪ {±∞} l ∈

�{
f(x) −→

x→a
+∞ ( −∞)

g(x) −→
x→a

+∞ ( −∞)
=⇒ f(x) + g(x) −→

x→a
+∞ ( −∞)

f g

{
f(x) −→

x→a
+∞ ( −∞)

g(x) −→
x→a

l
=⇒ f(x) + g(x) −→

x→a
+∞ ( −∞)

� {
f(x) −→

x→a
∞

g(x) −→
x→a

∞ =⇒ f(x)g(x) −→
x→a

∞

{
f(x) −→

x→a
∞

g(x) −→
x→a

l �= 0
=⇒ f(x)g(x) −→

x→a
∞

f(x) −→
x→a

∞ g(x) −→
x→a

0



�

f(x) −→
x→a

∞ =⇒ 1

f(x)
−→
x→a

0, f(x) −→
x→a

l �= 0 =⇒ 1

f(x)
−→
x→a

1

l

f(x) −→
x→a

0+ ( 0−) =⇒ 1

f(x)
−→
x→a

+∞ ( 0+)

f : I → g : J → f(I) ⊂ J
a, b, l {

f(x) −→
x→a

b

g(x) −→
x→b

l
=⇒ g(f(x)) −→

x→a
l

a f(x) > g(x) lim
x→a

f(x) ≥ lim
x→a

g(x)

a f(x) ≤ g(x) ≤ h(x)

lim
x→a

f(x) = lim
x→a

h(x) = l =⇒ lim
x→a

g(x) = l

�

{
a, f(x) ≤ g(x)

f(x) −→
x→a

+∞ =⇒ g(x) −→
x→a

+∞



�

{
a, f(x) ≤ g(x)

g(x) −→
x→a

−∞ =⇒ f(x) −→
x→a

−∞

f g I
∀x ∈ I − {a}, g(x) �= 0 a

f g a

∃ε : I → , ∀x ∈ I, f(x) = ε(x)g(x)

lim
x→a

ε(x) = 0

f(x) =
a
o(g(x)) f =

a
o(g)

xk × o(x) = o(xk+1)

k ≥ 1
o(xk)

x
= o(xk−1)

f(x) =
a
o(g(x)) ⇐⇒ lim

x→a

f(x)

g(x)
= 0

f =
a
o(1) lim

x→a
f(x) = 0



� ∀α, β ∈ xα =
+∞ o(xβ) ⇐⇒ α < β xα =

0+
o(xβ) ⇐⇒ α > β

� ∀α > 0, ∀β ∈ , (lnx)β =
+∞ o(xα)

� ∀α ∈ , ∀β > 0 xα =
+∞ o(eβx)

ex

x
−→

x→+∞ +∞ xex −→
x→−∞ 0

lnx

x
−→

x→+∞ 0 x lnx −→
x→0+

0

lim
x→+∞x2e−x2

X = x2 lim
X→+∞

Xe−X = 0

f g I
∀x ∈ I − {a}, f(x), g(x) �= 0 a

f g a

∃ε : I → , ∀x ∈ I, f(x) = (1 + ε(x))g(x)

lim
x→a

ε(x) = 0

f(x) ∼
x→a

g(x) f ∼
a
g

f(x) ∼
x→a

g(x) ⇐⇒ lim
x→a

f(x)

g(x)
= 1



f ∼
a
g ⇐⇒ f − g =

a
o(g) ⇐⇒ g − f =

a
o(f)

� f1 ∼
a
g1 f2 ∼

a
g2 f1f2 ∼

a
g1g2

� f ∼
a
g ∀n ≥ 1, fn ∼

a
gn

� f ∼
a
g

1

f
∼
a

1

g
f, g �= 0 a

ex + e2x ∼
x→−∞ ex −ex + e3x ∼

x→−∞ −ex

(ex + e2x) + (−ex + e3x) �
x→−∞ 0

e2x

� +∞

�

� ex − 1 ∼
0
x

� ln(1 + x) ∼
0
x

� ∀α ∈ ∗, (1 + x)α − 1 ∼
0
αx


