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∀n ∈ N∗, ∀(x1, ..., xn) ∈ Gn, (x1...xn)

−1 = x−1
n . . . x−1

1

G H G
H G

G (a, b) ∈ G2 a, b ab 2
ab = ba

G g ∈ G pq p ∧ q = 1
(x, y) G x

p y q g = xy = yx

G f : G→ G′

H G f−1(f(H)) = H + f

H ′ G′ f(f−1(H ′)) = H ′ ∩ f

�

G Z(G) = {a ∈ G / ∀b ∈ G, ab = ba}
x �−→ xn G

x ∈ G, xn−1 ∈ Z(G)

(Q,+) (Z,+)
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f (R,+) (C∗,×)
R C∗

∀(x, y) ∈ R2, f(x+ y) = f(x)f(y)

f λ ∈ C ∀x ∈ R, f(x) = eλx

f

�

G G′ f G G′

( f) ( f) = (G)

G H K G
φ : H ×K → G, (h, k) �→ hk

H K φ

HK = φ(H × K) g0 ∈ HK (h0, k0) ∈ H × K
g0 = h0k0 g0 φ (h0x, x

−1k0)
x ∈ H ∩K

(HK) (H ∩K) = (H) (K)

HK G
HK ⊆ KH
HK = KH

G N xN = e
x G

G a ∈ G
b ∈ G b2 = a

G m (G)
∀x ∈ G, ∃! y ∈ G x = ym



G x �−→ x2

G A G
x �−→ x2 A

G n = ab a ∧ b = 1
A = {x ∈ G / xa = e} B = {x ∈ G / xb = e}

A B G

A ∩B = {e} AB = G

G G a G
∀x ∈ G, ∃k ∈ N /x = ak

G {e}
G (G)
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(G,+) G G
{0} G {0} G

p (Z/pZ,+)

G
G

n ∈ N∗ \ {1} Z/nZ k ∈ Z d = k ∧ n
k Z/nZ

k d Z/nZ

Z/nZ
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αx : N∗ → G, k �→ xk

(ab)−1 = b−1a−1

Y ∈ P(G′) f−1(Y ) = {x ∈ G f(x) ∈ Y }

(xy)n x(yx)n−1y

∀q ∈ N∗, ∀r ∈ Q, f(qr) = qf(r)

f F f
F C1

y ∈ G′ f−1(y) = {x ∈ G / f(x) = y}(
f−1(y)

)
y∈G′ G y ∈ f f−1(y)

f

φ
H K(

φ−1(g)
)
g∈G H ×K
⇒ ⇒ ⇒

gi ∈ G ki ∈ N∗

gki
i = e Z G k gki

x �→ x2 A A

(u, v) ∈ Z2 ua+ vb = 1

n = (G) x ∈ G
k ∈ [[1, n]] x = ak H

G
(
{i ∈ [[1, n]] / ai ∈ H}

)

⇒
⇒
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n′

〈d〉 d n

(a, b) ∈ G2

(b−1a−1)(ab) = b−1
(
a−1a

)
b = b−1eb = b−1b = e

(ab)−1 = b−1a−1

n ∈ N∗
I(n) ∀(x1, ..., xn) ∈ Gn, (x1...xn)

−1 = x−1
n ...x−1

1

x ∈ H
αx N∗ G

∀k ∈ N∗, αx(k) = x
k

H
k ∈ N∗, αx(k) ∈ H

αx(N∗) H H αx

p q
p < q αx(p) = αx(q) xp = xq

e = xq(xp)
−1
= xq−p x−1 = xq−p−1

q = p+ 1 x = e x−1 = e = x
q > p+ 1 q − p− 1 ∈ N∗ xq−p−1 = αx(q − p− 1) ∈ H

x−1 ∈ H
x ∈ H x−1 ∈ H

h H h−1 ∈ H
H e = hh−1 ∈ H

H e x ∈ H x−1 ∈ H
H G

x 2 x2 = e x = x−1

ab = (ab)−1 a = a−1 b = b−1

(ab)−1 = b−1a−1

ab = (ab)−1 = b−1a−1 = ba



p q
(u, v) ∈ Z2 pu+ qv = 1
• (x, y) ∈ G2 x p y q
g = xy = yx

x y k ∈ Z, gk = xkyk
gp = (xy)p = xpyp = eyp = yp

gpu = (gp)u = (yp)u = ypu = y1−qv

y1−qv = y(yq)
−v
= ye−v = y = y

y = gpu

(x, p, u) (y, q, v) x = gqv

• x = gqv y = gpu

xy = yx = gpu+qv = g1 = g
k ∈ Z, xk = (gqv)k = gqvk

g pq
xk = e⇔ gqvk = e⇔ pq|qvk ⇔ p|vk

pu + qv = 1 p v p vk
p k

xk = e⇔ p|k x p
(x, p, u) (y, q, v) y q
(x, y) ∈ G2 x p y

q g = xy = yx

H G x ∈ G
x ∈ f−1(f(H))⇔ f(x) ∈ H ⇔ (∃h ∈ H / f(x) = f(h))

⇔ (∃h ∈ H / f(x− h) = eG′)⇔ (∃h ∈ H / x− h ∈ f)

⇔ x ∈ H + f .

H ′ G′

f(f−1(H ′)) f(G) = f

f−1(H ′) = {x ∈ G / f(x) ∈ H ′} f(f−1(H ′))
H ′

f(f−1(H ′)) ⊆ H ′ ∩ f

y ∈ H ′ ∩ f

y ∈ f x ∈ G y = f(x) x
f(x) = y ∈ H ′ x ∈ f−1(H ′) y ∈ f(f−1(H ′))

f(f−1(H ′)) = H ′ ∩ f

(x, y) ∈ G2

(xy)n x(yx)n−1y
xnyn = (xy)n


