
Ω R× R
n

f : Ω −→ R
n, (t, y) �−→ f(t, y),

dy

dt
= f(t, y).

y′ = f(t, y) ẏ = f(t, y)

dy
dx = f(x, y) dx

dt = f(t, x)

I ⊂ R

y : I −→ R
n, t �−→ y(t),

∀t ∈ I (t, y(t)) ∈ Ω

∀t ∈ I, y′(t) = f(t, y(t)).

ϕ : I −→ R

ϕ {(t, ϕ(t)) : t ∈ I} ⊆ Ω
{ϕ(t) : t ∈ I}



Ω
ϕ′(t) = f(t, y) Ω

y = ϕ(t)
f(t, y) f Ω

(t, y) (1, f(t, y))
ϕ

y = (y1, ..., yn) f = (f1, ..., fn)
y′ = f(t, y)

y′1 = f1(t, y1, ..., yn),

y′n = fn(t, y1, ..., yn),

n y1, ..., yn
y′

(t0, y0) ∈ Ω
(t0, y0)

y′(t) = f(t, y),

y(t) I t0
y(t0) = y0

y : I ⊂ R −→ R

n

y(n) = f(t, y, y′, ..., y(n−1)),

n ∀t ∈ I (t, y(t), y′(t), ..., y(n−1)(t)) ∈ Ω
y(n)(t) = f(t, y(t), y′(t), ..., y(n−1)(t)).



(t0, y0, y′0, ..., y
(n−1)
0 ) ∈ Ω

y(t0) = y0, y′(t0) = y′0, ..., y(n−1)(t0) = y
(n−1)
0 .

y(n)

n
n

y(n) = f(t, y, y′, ..., y(n−1)).

x1 = y x2 = y′ xn = y(n−1)

x′1 = x2,

x′2 = x3,

x′n−1 = xn,

x′n = f(t, x1, ..., xn),

�

Ω R × R
n y : I ⊂ R −→ R

n

Ω y

y′ = f(t, y), y(t0) = y0

y(t) = y0 +
∫ t

t0

f(τ, y(τ))dτ, ∀t ∈ I.

y
f(τ, y(τ))

t0 t

y(t)− y(t0) =
∫ t

t0

f(τ, y(τ))dτ.

y
y0 +

∫ t
t0
f(τ, y(τ))dτ C1
f(t, y(t))

y′(t) = f(t, y(t)) �



T : E −→ E
k 0 < k < 1

d(Tx, Ty) ≤ kd(x, y), ∀x, y ∈ E.

E
k

1

T : E −→ E T
x Tx = x

x0 ∈ E

x1 = Tx0, x2 = Tx1, ..., xn+1 = Txn.

(i) m > n ≥ 1

d(xn, xm) = d(Txn−1, Txm−1),
≤ kd(Txn−1, Txm−1), T

= kd(Txn−2, Txm−2),
≤ k2d(Txn−2, Txm−2),

≤ knd(Tx0, Txm−n).

d(Tx0, Txm−n) ≤ d(x0, x1) + d(x1, x2) + · · ·+ d(xm−n−1, xm−n),
≤ (1 + k + k2 + · · ·+ km−n−1)d(x0, x1),

T

d(Tx0, Txm−n) ≤ 1− km−n

1− k
d(x0, x1) ≤ 1

1− k
d(x0, x1) 0 < k < 1,

d(xn, xm) ≤ kn

1− k
d(x0, x1) −→ 0 n −→∞ k < 1



(ii) E x = limn→∞ xn ∈ E
(iii) x Tx = T limn→∞ xn

T xn −→ x
d(Tx, Ty) ≤ kd(x, y) Txn −→ Tx

Tx = lim
n→∞Txn = lim

n→∞xn+1 = x.

(iv) x Tx = x Ty = y
d(Tx, Ty) ≤ kd(x, y) d(x, y) ≤ kd(x, y) k < 1 d(x, y) = 0

x = y �

Tx = x

x0 ∈ E
xn+1 = Txn 0 ≤ n <∞

p T p = ToTo...oT
E

x
T px = x

Tx = TT px = T pTx,

Tx T p x T p

Tx = x x T x
y T

T 2y = TTy = Ty = y.

T py = T
(
T p−1y

)
= Ty = y,

x T p y = x �

T p

T

T : R
2 −→ R

2, (x, y) �−→ (2y, 0).

T 2

T T 2



B = B(x0, r)
E T : B −→ E

d(x0, Tx0) < r(1− k), k < 1

T B

x1 = Tx0

d(x0, x1) = d(x0, Tx0) < r(1− k) < r,

x1 ∈ B Tx1 = x2 x0, x1, ..., xn
B xn+1 = Txn xn+1 ∈ B

d(x0, xn+1) ≤ d(x0, x1) + d(x1, x2) + · · ·+ d(xn, xn+1),
≤ (1 + k + · · ·+ kn)d(x0, x1),
< (1 + k + · · ·+ kn)r(1− k),
= r(1− kn+1),
< r,

xn+1 ∈ B (xn)
E x = limn→∞ xn ∈ E

x ∈ B

d(x0, x) = d(x0, lim
n→∞xn),

= lim
n→∞ d(x0, xn),

≤ lim
n→∞(1 + k + · · ·+ kn−1)d(x0, x1),

=
1

1− k
d(x0, x1),

<
1

1− k
r(1− k),

= r,

x ∈ B x T



f : Ω −→ R
n (t, y) �−→ f(t, y) Ω

R × R
n f y

k

∀(t, y1) ∈ Ω, ∀(t, y2) ∈ Ω, ‖f(t, y1)− f(t, y2)‖ ≤ k‖y1 − y2‖.

k < 1 f
f y

(t, y) ∈ Ω Ω f
y

f : Ω −→ R
n (t, y) �−→ f(t, y) Ω

R× R
n

f(t, y) y
y

f(t, y) y
y

f(t, y)
y Ω

Ω f(t, y) y

f(t, y)

S = {(t, y) ∈ R× R
n : |t− t0| ≤ l, ‖y − y0‖ ≤ r} ⊂ Ω ⊂ R× R

n,

(t0, y0) l r r > 0
l > 0 S

[t0−l, t0+l] {y ∈ R
n : ‖y−y0‖ ≤ r}

f : Ω ⊂ R×R
n −→ R

n (t, y) �−→ f(t, y)
y

S ⊂ Ω y S

(t, x) (t, y) S
C B1

S (t, x1) S

x2 ∈ C x2 B1



B2 S x2 x3 ∈ C
x3 B2

xk ∈ C xk Bk−1 S Bk−1 � xk−1
k

C x y x y
xk

‖f(t, x)− f(t, y)‖ ≤ ‖f(t, x)− f(t, x1)‖+ ‖f(t, x1)− f(t, x2)‖+
· · ·+ ‖f(t, xk)− f(t, y)‖.

f f
Bk

K

‖f(t, x)− f(t, y)‖ ≤ K(‖x− x1‖+ ‖x1 − x2‖+ · · ·+ ‖xk − y‖),
�

y′ = f(t, y) (t0, y0)

f : Ω −→ R
n, (t, y) �−→ f(t, y),

Ω R × R
n f (t, y)

y (t0, y0) ∈ Ω
I t0 y : I −→ R

n

y′ = f(t, y) y(t0) = y0
y ∈ C1


