
(Ω,F ,P)
• Ω
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• F Ω
Ω E F

• P F [0, 1]
E ∈ F

F P

• Ω ∈ F ∅ ∈ F
• E ∈ F E ∈ F E E F
• E1, E2, . . . , En, . . .

∀ i ≥ 0 : Ei ∈ F E =
∞⋃
i=1

Ei ∈ F

• (Ei)i∈N

∀ i ≥ 0 : Ei ∈ F =
∞⋂
i=1

Ei ∈ F

3
F σ

∅
Ω

σ
Ω

P

• P : F → [0, 1]
E �→ P(E)

• P(Ω) = 1

• P(∅) = 0
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• (Ei)i∈N
F Ei ∩ Ej = ∅

P

( ∞⋃
i=1

Ei

)
=

∞∑
i=1

P(Ei) σ

P(E) = 0 E
P(E) = 1

(Ei)i∈N

Ω = E ∪ E

P
(
E
)
= 1− P(E)

P

P(Ω) = 1

A S

• ∅ ∈ A

• A ∈ A A ∈ A

• ∀n ≥ 1 (A1, . . . , An) ∈ An
n⋃

i=1

Ai ∈ A

S ∈ A A
σ S

9782340-021587_001_216.indd   119782340-021587_001_216.indd   11 11/10/2017   11:3911/10/2017   11:39



1 N

N

Ω = {ω = (ω1, . . . , ωN) ωi ∈ { , }} = { , }N

Ω 2N

F = P(Ω) Ω P(Ω)

P({ω}) = p ({i≤N /ωi= })(1− p) ({i≤N /ωi= })

p

P(Ω) =
N∑
i=0

(
N

i

)
pi(1− p)N−i = 1

σ

σ (Fi)i≥1

Fi = {ω ∈ Ω / ωi = } = { i }

P(Fi) =
N−1∑
j=0

(
N − 1

j

)
pj(1− p)N−1−j(1− p) = 1− p

(Ri)i≥1

Ri = { i }
= {ω ∈ Ω / ω1 = · · · = ωi−1 = P ωi = F}

9782340-021587_001_216.indd   129782340-021587_001_216.indd   12 11/10/2017   11:3911/10/2017   11:39



P(Ri) = pi−1(1−p)
R

R = { N }

(Ri)i≥1

σ

P(R) =
N∑
i=1

P(Ri) =
N∑
i=1

pi−1(1− p) = 1− pN

2

Ω = {0, 1}N∗
0 1

[0, 1] 2
0 1 Ω

σ

F =
∞⋂
i=1

∞⋃
j=i

Fj

Fj P ({0, 1}j)
P ({0, 1}N∗)

i ({0, 1}j) {0, 1}N∗

i : {0, 1}j → P ({0, 1}N∗)
ω = (ω1, . . . , ωj) �→ i(ω) = {ω̃ ∈ {0, 1}N∗

/ ∀ 1 ≤ i ≤ j : ω̃i = ωj}

P ({0, 1}j)

I : P ({0, 1}j) → P ({0, 1}N∗)
A =

|A|⋃
k=1

{ak} �→ I(A) =
|A|⋃
k=1

i(ak)
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Fj = I (P ({0, 1}j))

∀ i ≤ j : Fi ⊂ Fj

P ({0, 1}j) Fj

F
(Fji)i∈N Fji

σ

• A = 1 0

• B = 1 0 1

• C = 0

F
P F FN

P((ωi)1≤i≤N) = p ({i≤N /ωi=1})(1− p) ({i≤N /ωi=0})

ωi = 1 p ∈ [0, 1]
A ∈ F
Fn An ∈ Fn A

∞⋃
i=1

Fi

Ω = {a, b, c} A = {∅, {a}, {b, c},Ω}
B = {∅, {c}, {a, b},Ω} σ Ω
A ∪ B = {∅, {a}, {c}, {b, c}, {a, b},Ω}

σ F =
∞⋂
i=1

∞⋃
j=i

Fj

σ
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• A ∈ F i ∈ N

j ≥ i A ∈ Fj Fj σ A ∈ Fj

i ∈ N j ≥ i A ∈ Fj

A ∈ F
• ∅ ∈ Fj

j ∈ N ∅ ∈ F
• (An)n≥1

F i ∈ N n ≥ 1 jn ≥ i

An ∈ Fjn

∞⋃
n=1

An ∈
∞⋃
n=1

Fjn ⊂
∞⋃
j=i

Fj i ∈ N

∞⋃
n=1

An

∞⋃
j=i

Fj

∞⋃
n=1

An ∈ F

3 (0, 1)

(0, 1) Ω = (0, 1) F = Bor(0, 1)

Ω

σ (0, 1)
σ

(0, 1) π
X

(−∞, a) a ∈ R σ
σ(X ) X σ X

(a, b)
b − a

μ0

A S [0,+∞) σ μ0(S) < +∞
μ σ

A μ0 A
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S = (a, b)
A

(a, b)

μ1 μ2

σ(A(S)) R+ μ1(S) = μ2(S) <∞
A(S) μ1 = μ2 σ σ(A(S))

F ⊂ E P(F ) ≤ P(E)

E F P(E ∪ F ) = P(E) + P(F )

σ P

( ∞⋃
n=1

En

)
≤

∞∑
n=1

P(En)

∅

P

(
N⋃

n=1

En

)
↗

N→∞
P

( ∞⋃
n=1

En

)
(En)n≥1

2 P

(
N⋂

n=1

En

)
↘

N→∞
P

( ∞⋂
n=1

En

)
(En)n≥1

(En)n≥1

lim
N→∞

P

(
N⋃

n=1

En

)
=

∞∑
n=1

P(En).
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